ON SOLUTIONS OF QUASILINEAR ELLIPTIC INEQUALITIES 
CONTAINING TERMS WITH LOWER-ORDER DERIVATIVES 
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1. Introduction 



Let Q be an unbounded open subset of W 1 , n > 2. As in [5], by Wp loc {VL) we 
mean the space of measurable functions that belong to Wp (B r D £i) for all real 
numbers r > satisfying the condition B r C\Vt ^ 0, where B r is the open ball in 
R n of radius r and center at zero. The space L 00j i oc (f2) is defined in a similar way. 
p { '' Consider the inequality 

div A(x,Du) + b(x)\Du\ p - 1 > q(x)g(u) in Q, (1.1) 

where D = (d/dxx, . . . , d/dx n ) is the gradient operator, b G L 00> ; oc (fi), and A : 
Q x R n — >■ W n is a measurable function such that 



Ci|C|'<C4(*,0, 1^,01 <c 2 |CP 



p-i 



with some constants Ci > 0, C2 > 0, and p > 1 for almost all 2 G f2 and for all 

(el". 

We assume that S r fl f2 7^ for all r > vq, where r$ > is some real number and 
S r is the sphere in M. n of radius r and center at zero. Also let q G L 00 ; oc (f2) and 
<? G C([0, 00)) be non- negative functions and, moreover, g(t) > for all t > 0. We 
denote 

04 1 ess inf q 

f^ r > = T~i iH> r > r o, ^ > 1, 

1 + r ess sup |o| 

X" n " 

?-H ■ laij') = ess inf g, r > r , cr > 1 



and 



,(t) = inf g, t > 0, 6 > 1, 

V ' (t/0,0t) 



where fl ri ,r 2 = {x & Q : ri < \x\ < r 2 }, < T\ < r 2 < 00. 

A non-negative function u G W£ ioc (fi) nL 00j ; 0C (f2) is called a solution of inequal- 
ity (II. ip if the map x (-)■ A(x, Du) is measurable and 

A(x, Du)Dtp dx + / 6(x)|D-u| p_1 y9c/x > / q(x)g(u)<p dx 
n Jn Jn 

for any non-negative function ip G C™(Q). As is customary, the condition 

«lan = (1-2) 

means that V>« e Pv"p(^) for any ip G C~(R n ). If Q = W 1 , then ([O]) is obviously 
valid for all u G W£ loc (R n ). 
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For every solution of (jl.ip . (\1.2\i we put 

M(r; it) = ess sup u, r > r , 

s r nn 

where the restriction of u to S r D is understood in the sense of the trace and 
the ess sup in the right-hand side is with respect to (n — l)-dimensional Lebesgue 
measure on S r . 

The research presented to your attention deals with a priori estimates and blow- 
up conditions for solutions of problem (11. ip . (11.21) . The questions treated below 
were investigated mainly for nonlinearities of the Emden- Fowler type g(t) = t x [21 
El d El EE]- Partial cases of inequality (II .ip were also studied in [Tj [8]. In our 
paper, we consider the most general case. 



2. Main Results 



Theorem 2.1. Let 



and 



/oo 
(g e (t)t)- 1/p dt < oo (2.1) 



{rfa{r)) 1/(p - 1} dr = oo (2.2) 



ro 



for some real numbers 9 > 1 and a > 1, then any solution of (11.11) . ( 11.2jl is trivial, 
i.e. u = almost everywhere in Q. 

Remark 2.1. We remind that, by definition, all solutions of (II. ip . (II. 2p are non- 
negative functions since the domain of the function g is the interval [0, oo). 



Theorem 2.2. Let there be real numbers 9 > 1 and a > 1 suc/i t/iat (12 .2p zs valid 
and, moreover, 

/■oo 

(^(t)t)- 1 /^t = oo. (2.3) 



Then any nontrivial solution of (ll.ip . (11.21) satisfies the estimate 

M(r;u) / rr \ (p-l)/p 

(g e (t)tr 1/p dt > C I / (^(0) 1/( ^ 1} de 



/or all sufficiently large r, where the constant C > depends only on n, p, 9, a, 
C\, and C2. 

Theorem 2.3. In the hypotheses of Theorem \1.1\ let the condition 

00 

minU^O) 1 /^, ql /p (0} * = 00 (2.4) 

'r 

be valid instead of (12. 2p . TTien an?/ nontrivial solution of (11.11) . (11.21) satisfies the 
estimate 

M(r;u) rM(r;u) 

(ge(t)tr 1/p dt + / g d l/{p - l \t)dt 



>C f ' mmHUaii)) 11 ^, ql /p {t)}dt 

Jr 



for all sufficiently large r, where the constant C > depends only on n, p, 9, a , 
C\, and Ci. 



Theorem 2.4. Let there be real numbers 9 > 1 and a > 1 such that (12. ip zs va/id 
and, moreover, 



{rfa{r)) 1/{p ' 1] dr < oo. 
Then any solution of (11.11) . (II. 2p satisfies the estimate 



(p-i)/p 

(g e (t)ty 1/p dt >C[ I (£/ CT (£)) 1/M # ) (2-5) 



'M(r;u) 

/or all sufficiently large r, where the constant C > depends only on n, p, 9, a, 
C\, and C 2 . 

The proof of Theorems I2.1H2.4I is given in Section [31 Now, we consider the case 
that 

\b(x)\<a\x\ k (2.6) 
with some constants a and k for almost all x G Q. 

Corollary 2.1. In formula (12. 6p . /et k < — 1. If there are real numbers 9 > 1 and 
a > 1 snc/i t/jat (12. ip z's va/zd and 

( rgCT ( r ))i/( P -i) rfr = 00; (2.7) 



iaen any solution of (jl.ip . (11.21) is trivial. 

Corollary 2.2. In formula (12. 6p . /et A; < —1. v4/so suppose that conditions (12.31) 

and ( 12. 7p are ra/zd /or some rea/ numbers 9 > 1 and cr > 1 . TTien any nontrivial 
solution of (II. ip . (11.21) satisfies the estimate 

M(r;u) / pr \ (p-l)/p 

Mt)tr i/p dt > c( / (^(O) 1 ^ « 



/or a// sufficiently large r , where the constant C > depends only on n, p, 9, o , 
C\, C2, and a. 

Corollary 2.3. In the hypotheses of Corollary [2. 2\ let the condition 



' ro 

be valid instead of (12. 7p . Then any nontrivial solution of (11.11) . (11.21) satisfies the 
estimate 

M(r;u) pM(r;u) 

(g e (t)t)- 1/p dt + / g d l/{p - l \t)dt 



>C f mm{(^(0) l/iP ~ l \q l J P (0}d^ 

Jro 



for all sufficiently large r, where the constant C > depends only on n, p, 9, a, 
C\, C 2 , and a. 

Corollary 2.4. In formula (12. 6p . let k < — 1. If there are real numbers 9 > 1 and 
a > 1 such that (I2.ip is valid and 

(rg^r)) 1 ^- 1 ) dr < 00, 

r 
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then any solution of (II. ip . fll.2[) satisfies the estimate 

poo / poo \ (p— l)/p 

/ Mt)r i/p dt>d / (^(e)) 1/M ^e 

JM(r;u) \Jr J 

for all sufficiently large r, where the constant C > depends only on n, p, 6, a, 
Ci, C 2; and a. 

Proof of Corollaries I2.1H2.4I follows immediately from Teorems I2.1H2.4I Really, if 
k < — 1 in (12.61) . then f a (r) > / yq a { r ) for all r > r and a > 1, where the constant 
7 > depends only on a, k, and a. 

In the case of b = 0, the above statements imply results of paper [3J. Examples 
given in this paper demonstrate us the precision of Corollaries I2.1H2.4I 

Corollary 2.5. In formula (I2.6p . let k > — 1. If there are real numbers 8 > 1 and 
a > 1 snc/i t/jat (12. ip valid and 

(r" V (r)) 1/(p_1) dr = oo, (2.8) 

then any solution of (II. ip . (11.21) is trivial. 

Proof. The condition /c > — 1 implies the inequality > 7r _fc_1 g cr (r) for all 

sufficiently large r, where the constant 7 > depends only on a, k, and a. Thus, 
to complete the proof, it remains to use Theorem 12.11 □ 

Example 2.1. Consider the inequality 

dw(\Du\ p ' 2 Du) + b(x)\Du\ p - 1 > q(x)u x in R n , (2.9) 

where b 6 L 00> ; oc (IR n ) satisfies relation ( 12. 6ft with > — 1 and g G L 00> ; oc (IR n ) is a 
non-negative function such that 

q(x) ~ |x| as x — > 00, (2-10) 

i.e. there exist constants a± > and «2 > such that 

< q(x) < a2\x\ l 

for almost all x in a neighborhood of infinity. 
By Corollary 12.51 in the case of 

\>p-l and l>k-p + l, (2.11) 

any non-negative solution of (I2.9P is trivial. 
At the same time, if 

\>p — 1 and l<k—p + l, 

then 

u(x) = (max{|a;|,ro}) (fe - p+1 ~ 0/(A - p+1) 

is a positive solution of ( 12. 9 p for enough large r with a non-negative function q e 
00, /oc(K ?1 ) satisfying condition (I2.10p and a non-negative function 6 6 L 00 i 0C (lR ri ) 
such that 

6(rc) ~ |a;| fc as x ->■ 00. (2.12) 
Using somewhat more complex reasoning, we can also show that (12.91) has a 

positive solution for all non-negative functions b G L 00i j 0C (M n ) and q G L 00 ; 0C (R") 

if the first inequality in formula (12.111) does not hold. 
Thus, both inequalities in (12.111) are exact. 
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Example 2.2. In (12.91) . let the non-negative function q G L oo ioc (R n ) satisfy the 
relation 

q(x) ~ \x\ k ' p+l log' 4 \x\ as x oo. (2.13) 

As in Example I2.1[ we assume that ( I2.6[) is fulfilled with fc > — 1 . 
According to Corollary 12.5} if 

\>p-l and fi>l-p, (2.14) 

then any non-negative solution of ( 12. 9 p is trivial. 

As noted above, the first inequality in formula (I2.14p is exact. Let us show that 
the second one is exact too. In fact, if 

A > p — 1 and \i < 1 — p, 

then 

u(x) = (logmax{|a;|,ro}) (1 ^ )/(A " p+1) 

is a positive solution of (12. 9p for enough large ro > with some non-negative 
functions b G L 00jioc (]R n ) and q G L 00i i 0C (U n ) satisfying conditions (12. 12|) and (I2.13p . 
respectively. 

Example 2.3. Consider the inequality 

dw(\Du\ p - 2 Du) + b(x)\Du\ p - 1 >q(x)u p ~ 1 \og x (l + u) in R n , (2.15) 

where b G L 00j / oc (IR n ) satisfies relation ( 12. 6 p with k > — 1 and g G L 00j / oc (IR n ) is a 
non-negative function such that ( I2.10p holds. 
By Corollary I2.5[ the conditions 

\>p and l>k-p + l, (2.16) 

imply that any non-negative solution of (I2.15P is trivial. 
On the other hand, if 

\>p and l<k — p + l, 

then 

u f x \ = e (max{\x\,ro}) (k - p+1 - l)/{X - p+1) 

is a positive solution of (I2.15P for enough large r with some non-negative func- 
tions q G £oa )Ioc (R n ) and b G L 0O ^ oc (R n ) satisfying relations ( 12TTU]) and ( 12TT2"]) . 
respectively. Therefore, the second inequality in formula (I2.16P is exact. 

The first inequality in ( I2.16P is also exact. Namely, in the case of A < p, it 
can be shown that (I2.15P has a positive solution for all non-negative functions 
b G Lqq Iqq (W 1 ) and q G Loo^R"). 

Corollary 2.6. Let ( 12. 6 p be valid, where k > —1. Also suppose that condi- 
tions ( 12. 3 p and ( 12. 8 p hold for some real numbers 9 > 1 and o > 1 . T/ien am/ 
nontrivial solution of ( II. ip . (11. 2p satisfies the estimate 

M{r;u) / rr \ (p-l)/p 

(^(t)t)-^dt>c / (rV(0) 1/( ^ 1} ^ 



/or a// sufficiently large r, where the constant C > depends only on n, p, 9, a, 
C\, C 2 , k, and a. 

Proof. We repeat the arguments given in the proof of Corollary 12.51 with Theo- 
rem 12.11 replaced by Theorem 12.21 □ 
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Example 2.4. Consider inequality (|2.9p . where A < p — 1, 6 G L 0O) ; 0C (R n ), and 
g G L 00 ; 0C (]R n ) is a non-negative function. We shall assume that condition (12. 6p is 
fulfilled for some k > — 1. 

Let (I2.10p hold, where Z > k — p + 1, then in accordance with Corollary 12.61 any 
nontrivial solution u > of (12.91) satisfies the estimate 

M{r;u) > Cr^+P- 1 ^^- 1 -^ (2.17) 

for all enough large r, where the constant C > does not depend of r and u. 
If we replace (I2.10p by (I2.13p . where fi > 1 — p, then (I2.17P should be replaced 

by 

M(r; u) > Clog^-^^v- 1 -^ r 
for all enough large r, where the constant C > does not depend of r and it. 

Example 2.5. Assume that w > is a nontrivial solution of the inequality 

div(\Du\ p - 2 Du) + b(x)\Du\ p - 1 > q(x)u x log s (l + u) in R n , 

where X < p — 1, s£R, 6g L 00) i 0C (R") and, moreover, condition (I2.6P is valid for 
some fc > — 1. Also let q G L 00j ; 0C (R ri ) be a non- negative function such that (12.101) 
holds with I > k — p + 1. Then, according to Corollary 12.61 we have 

M (r; w) > c r ('-fc+p-i)/(p-i-^) l og s /( p - 1 - A ) r 
for all enough large r, where the constant C > does not depend of r and u. 



Corollary 2.7. In the hypotheses of Corollary 12. 6|. Ze£ t/ie condition 

minUrVtO) 17 ^, ^ /P (0}^ = oo, 



' ''0 

&e wa/id instead of (12. 8p . T/ien any nontrivial solution of (11.11) . (11.21) satisfies the 
estimate 

M(r;u) rM(r;u) 

(ge(t)tr 1/p dt + / ^ 1/(p - 1} (t)dt 



Jr 



/or a// sufficiently large r, where the constant C > depends only on n, p, 9, a, 
C\, C 2 , A;, cmd a. 

Proof. We repeat the arguments given in the proof of Corollary 12.51 with Theo- 
rem [2J] replaced by Theorem 12.31 □ 

Example 2.6. Consider inequality (12. 9p with the critical exponent A = p — 1. As 
in Example 12.51 we assume that b G L 00jioc (IR n ), q G L oo ioc (IR ?1 ) is a non-negative 
function and, moreover, conditions (12.61) and (I2.10p are valid, where k > — 1 and 
I > k — p + 1, respectively. 

Let u > be a nontrial solution of (12.91) . In the case of / < pk, applying 
Corollary 12.71 we have 

M (r; w) > e (^-18) 
for all enough large r, where the constant C > does not depend of r and w. In 
turn, if / > pk, then (12.181) should be replaced by 

M(r;u)>e Cr(l+P)/p 

for all enough large r, where the constant C > does not depend of r and u. 



Corollary 2.8. Let (I2.6P be valid, where k > — 1. If there are real numbers 9 > 1 
and a > 1 swc/i ( 12.1 p holds and 

(r-V(0) 1/(p_1) dr < oo, 

'ro 

t/ien any solution of ( II. ip , (11. 2p satisfies the estimate 

{p-i)/p 

( 9e (t)ty 1/p dt > c ( / (rV(0) 1/(p " l) « 

'M(r;«) 

/or a// sufficiently large r, where the constant C > depends only on n, p, 6, a, 
Ci, C 2 , k, and a. 

Proof. We repeat the arguments given in the proof of Corollary 12.51 with Theo- 
rem [2J] replaced by Theorem 12.41 □ 

Example 2.7. Assume that u > is a nontrivial solution of inequality (I2.9p . where 
A > p — 1, b G L 00j / 0C (IR n ), g G L 00j i 0C (R n ) is a non-negative function and, moreover, 
condition (12. 6 p is fulfilled for some k > — 1. 

If (I2.10p holds with / < — p + 1, then in accordance with Corollary 12.81 we 
obtain 

M(r; u) < Cr il ~ k+p - 1)/ip - 1 - x) 

for all enough large r, where the constant C > does not depend of r and it. 

Now, let condition ( 12 . 131) be valid instead of (I2.10p . where /i < 1 — p. Then 
Corollary 12.81 allows us to assert that 

M(r; u) < Clog^-^ 1 ^ 1 -^ r 

for all enough large r, where the constant C > does not depend of r and u. 

One can easily verify that the estimates given in Examples I2.4H2TT1 are exact. 
It does not matter for us that the right-hand side of ( 12. 61) is a power function. 
Theorems I2.1H2.4I remain precise for a wide class of functions 6. 
Assume that 

\b(x)\ < f3\x\ k hg m \x\ (2.19) 

for almost all x e fl, where (3, k, and m are some constants and, moreover, either 
k > —1 or k = —1 and m > 0. 

Corollary 2.9. Let ( I2.19P hold. If there are real numbers 9 > 1 and a > 1 suc/i 
t/iat condition ( 12. ip is wa/«d and 

oo 

(r~ fc log"™ r g CT (r)) 1/(p - 1) rfr = oo 
then any solution of (11.1 P .. ( I1.2p «s trivial. 

Proof. From (I2.19p . we have /o-(^) > ^r -fc-1 log - " 1 r go-(r) for all sufficiently large r, 
where the constant 7 > depends only on 0, k, m, and a. The proof is completed 
by applying of Theorem 12. 1[ □ 

Example 2.8. In (EH]), let b G L 0O)toc (M ri ) satisfy condition (127191) and g G Ax>,* 0C (M n ) 
be a non-negative function such that 

g(x) ~ |x| fc-p+1 as x -> 00, (2.20) 

i.e., in formula ( I2.10p . we take the critical exponent I — k — p + 1. 
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According to Corollary I2.9[ if 

\>p-l and m<p — 1, (2.21) 

then any non-negative solution of inequality (12. 9 h is trivial. As mentioned above, 
the first condition in (12.211) is exact. Now, we show that the second condition is 
also exact. Really, let 

A > p — 1 and m > p — 1. 
By direct calculation, one can verify that 

u(x) = (logmax{|a;|,r }) (m - p+1)/(A - p+1) 

is a positive solution of (12. 9p for enough large r , where q G L 00i z 0C (IR n ) is a non- 
negative function such that (I2.20p holds and b G L 00j / oc (IR n ) is a non-negative 
function satisfying the relation 

b(x) ~ |x| fc log m \x\ as x — > oo. 

3. Proof of Theorems EHH2H 

We need a well-known result concerning inequalities of the form 

div A(x, Du) > F(x, u, Du) in Q Ro Rl , (3.1) 

where < Rq < Ri < oo, the function A : Q x M n — >• M n is the same as in (II .ip and 
F : fii? ,i?i x [0, oo) xl"->I satisfies the following conditions: there exist a real 
number a > 1 and locally bounded measurable functions F : [Rq, Ri) x (0, oo) — > 
[0, oo) and Fi : [i? , i? x ) — > [0, oo) such that 

F (r, t - 0) = F (r, t) for all Rq < r < R u t > 0, 
F (r, ti) > F (r, h) for all Rq < r < R u t x > t 2 > 

and 

F(x,t,Q> sup FoCr.tJ-ICr 1 „ „ inf B F x (r) (3.2) 

for almost all x G f^o,^ and for all t G (0, oo) and ( G M n . 

We say that u is a solution of (13.11) if u G Wp(^Ro, r ) H L oo (Qij 0)r ), -A (a;, Z>u) G 
L p /(p_i)(Oij 0>r ), and F(x,u, Du) G L p /(p_i) (^ , r ) for any real number r G (R ,Ri) 
and, moreover, 



A(x, Du)D(p dx > / F(x,u, Du)(p dx 



for any non- negative function <£> G (^^(fi^^J. 

According to this definition, any solution of (13.11) must be a non-negative func- 
tion; otherwise the right-hand side of the last inequality is not well-defined. 

Let us denote = B^r^ PI dQ, where Br 0jRi = {x G W 1 : Ro < \x\ < R±}. 

The condition 

u\ r =0 (3.3) 

O 

means that G ^(fi^^J for any cp G C^(B RotRl ). 
We shall assume that 5 r (1 H ^ for all r G (Rq,Ri). 



Lemma 3.1. Suppose that < (3 < 1 and R < p < pi < R 1 are some 
real numbers. Also let u be a solution of (13.11) . (13.31) such that M(-;n) is a 
non- decreasing function on (Rq,Ri) satisfying the relation M(Rq + 0;u) > 0. // 
f3 l / 2 M(pi]u) < M(p ;u) anda 2 p > pi, then 

M( Pl ;n) - M(p ;n) > 7 min |( Pl - p f/^\ F^\s, f3M( Pl ; «)) 

for all s G [pi/er, o~p ] D (-Ro, -Ri); where 

A = inf Fx 

[pi/o-,o-p ]n(iJ ,-Ri) 

and t/ie constant 7 > depends only on n, p, C\, C 2; and /3. 

The proof is given in paper [U Lemma 3.1]. 

Remark 3.1. If u is a solution of (II. ip . (II. 2p . then 

M(r; u) = ess sup u, r 6 (i?o, 
B r nn 

in accordance with the maximum principle. Hence, M(-;u) is a non-decreasing 
function on (Rq,Ri). In addition, we have M(r;u) = M(r — 0;n) for all r 6 

(-Ro, -Ri)- 

Lemma 3.2. Lei < i?o < -Ri < 00 and, moreover, u be a solution of (II. ip . (11.21) 
suca inat M(i? + 0; n) > and f3 1 ' 2 M(R 1 - 0; n) < M(i? + 0; u) for some real 
number < (5 < 1. T/ien 

M( J R 1 - 0; n) - M(i? + 0; u) > 7 min j (ifc - i^f/M , ^"^j 1 \ QG, (3.4) 

where 7 > is t/ie constant of Lemma 13 

Q = essinfg 1/(p - 1) , 

G = min £ 1/(p ~ 1} , 

[/3 2 Af(i?4-0;«),Af(_R.i-0;u)] 

and 

= ess sup |6|. 

Proof. As mentioned in Remark 13. 1[ M(-;n) is a non- decreasing function on the 
interval (Ro,Ri). Also it can be seen that 

M(Ri — 0; u) = ess sup u. 

B Rl nn 

In particular, n(x) < M(R\ — 0; n) for almost all x e -B^ fl Q. 

Let us denote I = {(5 2 M(R 1 - 0; n),oo). The function n is a solution of (13. ip . 
(13. 3p . where 

F(x,t,C) = X/WQ p " 1 G p - 1 -HCr 1 - 
Here, xi is the characteristic function of the set /, i.e. 



Xi(t) 



1, tel, 
0, t£I. 
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Putting further F (r,t) = Xi(f)Q p ~ l G p ~ l and i*i(r) = one can verify that (13.21) 
is fulfilled for any a > 1. Thus, applying Lemma [3.11 we obtain 

M( Pl ; u) - M(p ; u) > 7 min |( Pl - pof^, ^r}} 

for all R < p < pi < Ri, whence (I3.4p follows at once. 

The proof is completed. □ 

Lemma 3.3. Let u be a solution of (11. lft . (11.2| . /fro < ri < r2, 77 > 1, and r > 1 

are real numbers such that r]M(ri + 0; -a) < M(r 2 ; u), r 2 < rr 1; ana 1 M(rx + 0; u) > 
0, then at least one of the following two inequalities is valid: 

M(r 2 ;u) pr 2 

(g v (t)ty 1/p dt > C q\ /p {i)d^ (3.5) 

Af(n+0;u) Jri 

M(r2\u) I-T2 

g- l/{p - l \t) dt>C ^f T (0) 1/{p - 1] (3-6) 

' M(n+0;u) Jr\ 

where the constant C > depends only on n, p, rj, C\, and Gi- 

Proof. The function M(-; u) does not decrease on the interval [r±, r 2 ] and, moreover, 
M(r;u) = M(r — 0;u) for all r G (ri,r 2 ]. By induction, we construct the finite 
sequence of real numbers po < Pi < ■ ■ ■ < Pk- Let us take po = r 2 . Now, assume 
that pi is already known. We put 

p l+1 = inf {£ G (n, a) : M(£; u) > ^" 1/8 Af u)}. (3.7) 

If pi + i = ri, then we take = i + 1 and stop. It is obvious that this procedure 
must terminate at a finite step. Since M(-; u) is a semicontinuous function, one can 
claim that {£ G (n, pi) : M (£; it) > ■q- 1 / & M{p i ] u)} ^ for any z G {0, . . . , fc - 1}. 
Thus, the right-hand side of (13.71) is well defined. In so doing, we have 

rj-^Mipi-u) <M(p i+1 + 0;u), z = 0,...,fc-l (3.8) 

and 

M{p i+1 ;u) Krf^M^u), i = 0,...,k — 2. (3.9) 

For any i G {0, . . . , k — 1}, according to Lemma I3~2"l at least one of the following 
two estimates holds: 

M( Pl ; u) - M(p l+1 + 0;u)> k x { Pi - p. l+1 ) p/(p - l) Q l G l , (3.10) 
M( Pl - u) - M{ Pl+1 + 0; u) > Mpl \^ QlG \ (3.11) 

where 

Q t = ess inf g 1/(p - 1} , 
d = min 

[r;- 1 /2M(p l ;n),M(p l ;«)] 

/ij = ess sup |6|, 

and xi > is some constant depending only on n, p, C\, C2, and r). 

By Hi we denote the set of integers i G {0, — 1} for which (13. lOj) is fulfilled. 
Also let H 2 = {0,...,fc- l}\Si. 
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At first, we assume that 

E^-^-O^^ 1 - (3-12) 

ieSi 

Formula (I3.10p implies the relation 

Af (pi; u) - M( Pi+l + 0; u) \ {p ~ 1)/p (p-i)/p/ \/o(p-i)/p 



whence, taking into account (13.81) . we obtain 

M(p,; M )-r/- 1 / 8 M(p,;^) ^(p-i)/p 

for any z £ Hi, where K2 = (1 — r]^ 1 ^) 1 ^ xf p . Combining this with the inequal- 
ity 

f M(Pi ' ,U) (a (t)t)-V> dt > M(p,,u)- V -^M( Pl ;u) 
one can conclude that 

(g v (t)tr 1/p dt> MPi- Pi+i)Qt )/p 



V 1/8 M(pi;u) 

for any i £ Hi. Summing the last estimate over all i £ Hi D {0, . . . , k — 2}, we have 

/ (g.m^dty^essMq 1 ^ V (p, - p i+l ). 

l es 1 n{o,...,k-2} J ^ 1/aM (p^ ri,r2 i6Sl n{o,...,fc-2} 

By (13.9j) . this implies that 

rM(po;u) 

/ (^(t)t)- 1 /^t> X2 essinf g 1 ^ ^ (ft-p 1+ i). (3.13) 

Jm (pk-w) ri ' r2 i 6 H 1 n{0,...,fc-2} 

If & — 1 ^ Hi, then combining (13.121) and (13. 13j) . we immediately obtain (13.51) . Let 
k — 1 £ Hi. Putting i = k — 1 in formula (I3.10p . we obviously have 

M(p k _i,u) - M(p k + 0;u)\ ip ~ 1)/p ^ _ip-\)/ P( , n (p-i)/ P 



Gk-x 



-> ..VP-*- P( _ _ wp -1 



At the same time, M(p k _i, u) < r] l / s M{p k + 0; it) according to (13. 8ft ; therefore, one 
can assert that 

Gt^MV r(/)t + 0; M ) - X3( "'- 1 ' <3 ' 14) 

where x 3 = (77 1 / 8 — l) 1 /^^ 1 ^. Since 

" V8M ^ +0i ") m -x/v dt > V /8 M(p fc + 0; M )-M(p fc + 0; M ) 
M(p fc+ o ;u) W ' ^/8Gt"i 1)/p MVp( Pfc + 0; it) ' 



formula ( 13. 14ft implies the estimate 

p V 1 / 8 M( Pk +0;u) 

/ (^(t)t)" 1/p dt > Mpk-i - P*)Qfc 
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where x 4 = r] _p / 8 x 3 . Summing this with (I3.13p . we obtain 

pM(r2;u) 

/ (g v (t)t)- 1/p dt > x 5 essinf q 1 ^ ^(p,, - p i+1 ), 

where X5 = min{x2, X4}/2. Finally, combining the last inequality and (I3.12p . we 
again derive (13.51) . 

Now, assume that (13. 12ft is not valid. Thus, we have 

Let i G S 2 . From (13.111) . it follows that 

M(pi\ u) - M(p i+ i + 0; u) K X (pi - p i+ i)Qi 



G t p\/^ ' 

whence, taking into account the relation 

Mte; " > g ^ (t)dt > M ^-^ + ^\ (3.16) 

M(p i+1 +0;u) Gi 

we obtain 

g-^\t) dt > MP \^ Q \ (3.17) 

lM( Pl+1 +0;u) p { ' yF 

Summing (I3.17P over all i G S 2 , one can conclude that 
f M(r 2 ;u) xiessinf g V(p-i) 

/ 9 -v<p-) (t ) * > ^ y>, - ft+l) . 

iM ri+0;« eSSSUp|0| ' W > 



By (13.151) . this immediately implies H3 .61) . 

The proof is completed. □ 

Lemma 3.4. Let u be a solution of (11.11) . ( \1.2h . If r$ < r\ < i] > 1, and 

r > 1 are real numbers such that M{r2]u) < i]M(ri + 0;u), r 1//2 ri < r 2 , and 
M{r\ + 0; u) > 0, then estimate (13.61) holds, where the constant C > depends 
only on n, p, rj, r, C\, and C<i- 

Proof. Consider the maximal integer k satisfying the condition r k ^ 2 r\ < r 2 . We 
put pi = r~ i//2 r 2 , i — 0, . . . , k — 1, and pk = r\. From Lemma T3.21 it follows that at 
least one of inequalities (13.101) . (13. lip is valid for any i e {0, . . . , k — 1}. If (13.101) 
holds for some i G {0, . . . , k — 1}, then we have 

M(pi;u)-M(p i+1 + 0;u) W( P -i)n 
> xx{pi - Pi+i)" u >Qi- 

Since pi — p i+ i > (1 — r -1 / 2 )/^, this implies the estimate 



M{pi,u) - M(p i+1 + 0;u) ^ N i/(p-i). 



Gi 

where the constant x 6 > depends only on n, p, r/, t, Ci, and C 2 . Consequently, 
taking into account (13 . 1 6[) and the fact that 

r (e/.(0) 1/(p - 1} dt < ( Pi - Pl+1 )pi /{p ~ l) Q t , 

J Pi + 1 
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we obtain 

g- l ^- x \t) dt>x 6 (ZfAO) 1/{p - 1] (3-18) 

' M(p i+1 +0;u) J Pi+i 

In turn, if ( 13 .lip is fulfilled for some % G {0, . . . , k — 1}, then 

M{pi\u) - M(p i+1 + 0;u) K X (pi - p i+ i)Qi 

whence in accodance with (13.161) and the evident inequality 

Pi+1 Hi 

formula (I3.18P follows again. 

To complete the proof, it remains to sum (13. 18)) over all z G {0, . . . , A; — 1}. □ 

Lemma 3.5. Let u be a solution of (11.11) . (II. 2p . If tq < r\ < r 2 , 9 > 1, and a > 1 

are real numbers such that QM(r\ + 0; u) < M(r 2 ; u), r 2 > or x , and M{ri + 0; u) > 
0, then 

M{r 2 \u) / pr 2 \ (P~l)/P 

(g s (t)ty 1/p dt > C ( (e/ CT (0) 1/( ^ 1} da , (3.19) 



'M(ri+0;u) \J r 1 J 

where the constant C > depends only on n, p, 9, a , C\, and C 2 . 

Proof. We denote r = a 1 / 2 and 77 = Q 1 ! 2 . Take the maximal integer k satisfying 
the condition T k l 2 r\ < r 2 . As in the proof of Lemma 13.41 we put p» = r~^ 2 r 2 , 
i — 0, . . . , k — 1, and pk = r\. 

According to Lemmas 13.31 and 13.41 for any i E {0, . . . ,k — l}at least one of the 
following two inequalities holds: 

pM(pi;u) rpi 

/ {g v {t)ty 1,P dt>x 7 / (3.20) 

-M(pi;«) ppi 

g- l '^- l \t) dt>x 7 (£/r(0) 1/M (3.21) 

' M(p i+ i+0;u) J Pi+i 

where the constant x 7 > depends only on n, p, r], r, Ci, and C 2 . 

By Hi we mean the set of integers i G {0, . . . , k — 1} for which (13.201) is fulfilled. 
Also put H 2 = {0, . . . , k - 1} \ Hi . 

At first, let 

£ / (£k(0) 1/(p_1) #>o / (e/.(0) 1/(p_1) de. (3.22) 



Summing (I3.20p over all i G Hi, we have 

-M(r2;«) 



/ dt>H 7 J2 ?r /p (0 (3-23) 

</M(n+0;M) „•,_=. </ p, + i 



For any i G {0, . . . , k — 1} there exists & G (/3j+i, Pi) such that 



T ^ /p (0de>(A-Pm)^ /P te). 
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Thus, 

E / ?r /p (0^ ^E(/ ^(O* 

i6Hi 

whence, taking into account the fact that 

(Pi ~ Pm) p/(p - > (1 - T-Vy'^\ Pi - p, +1 )(p,g r te)) 1/(p - 1) 



> (1 - r- 1 / 2 ) 1 ^ I" {iUi)) l,{p - 1] di 



for any i G S 1; we obtain 

\ p/(p-i) 



E r ^ ) - (1 - ^ 1/2 ) 1/(p ~ 1) E f (^(O) 17 ^ 

The last estimate, (13 .22 p . and f !3.23|) immediately imply (I3.19p . 

Now, assume that (13.221) is not valid. In this case, we obviously have 

E/ (eMO) 17(p " 1} dt > - / (e/,(e)) 1/(p -M- (3.24) 



For every z G H 2 inequality (13. 21ft holds. Consequently, 

/ ^ 1/(p - 1} w dt > x 7 e / (e/rCO) 1 ^ (3.25) 

•/M(ri+Q;u) ieS2 -Wi 

Let us show that 

j-M{r 2 ;u) \P/(P-1) f-M{r 2 ;u) 

/ (p fl (t)t)- 1/p dt >x 8 / g^WWdt, (3.26) 

./M(ri+0;u) / ^M(ri+0;«) 

where the constant x 8 > depends only on p and 0. 

Really, take the maximal integer Z satisfying the condition rf' 2 M(ri + 0; w) < 
M(r 2 ; -u). We put = i]~^ 2 M(r 2 ; u), % = 0, . . . , I — 1, and m; = M(ri + 0; w). 

For any i G {0, ...,/ — !} there exists £j G (m i+ i, m,) such that 



(ge(t)t)~ 1/p dt > (mi - m i+1 )(^(t i )ti)~ 1/p '■ 



Hence, we have 



»M(r 2 ;«) \P/(P"1) mi \P/(P"1) 



\ P/(P-1) 



/ (<Mt)t)- 1/p dt = E/ (Se(t)t)~ 1/p 

VM(n+0;u) y \ i=0 imj+i , 

>E / w)r 1/p dt 

i=Q \Jm i+1 J 
2-1 



i=0 
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Since 

(na - m i+1 ) p ^ p - 1 \ge{U)t i )- 1/{p - 1) > (l- f V^/Ht^.^^VH)^.) 

> (1_ ^-1/2)1/(^-1) / g -l/(p-l)^ dt 



for all i G {0, . . . , I — 1}, this implies the estimate 



/ ( 9e (t)ty 1/p dt > (1 - rj-^f'^ £ / g^\t) dt 

K JM(n+0;u) J i=Q Jm i+1 

from which (I3.26P follows at once. 

To complete the proof, it remains to combine (I3.24p . (13.251) . and (13.261) . □ 

Proof of Theorem \2.1[ Let u be a nontrivial solution of (11.11) . (11.21) . There obvi- 
ously exists a real number r\ > r such that M(ri;u) > 0. By the maximum 
principle, M(-;u) is a non-decreasing function on the interval (ro,oo); therefore, 
M(ri + 0;w) > M(r X ]u) > 0. 
At first, assume that 

lim M(r; u) = M(oo; u) < oo. (3.27) 

r— >oo 

Taking the real number r± large enough, we obtain M(r x + 0; u) < 8M(r; u) for all 
r > ri. Thus, 

^ 1/(p - 1) (t) dt > C / di (3.28) 

'M(n+0;w) ./ri 

by Lemma [331 where the constant C > depends only on n, p, 9, a, C±, and C<i- 
This contradicts condition (12.21) . 
Now, let 

lim M(r; it) = oo, (3.29) 

r— >oo 

then Lemma 13.51 allows us to assert that 

(p-i)/p 

(g e (t)ty 1/p dt > C I I (e/aCO) 1 ^ « 

'M(n+0;«) Wri 

with some constant C > dependind only on n, p, 8, cr, C±, and Ci- In turn, this 
contradicts conditions (12. ip and (12.21) . 

The proof is completed. □ 

Proof of Theorem 12.21 Let w be a nontrivial solution of (II. ip . (11.21) . As in the 
proof of Theorem I2.1[ we take a real number 7*i > ro such that M(ri;u) > 0. 
If (13.271) holds, then Lemma implies inequality (I3.28P which contradicts (12. 2p . 
Consequently, one can assume that f!3.29j) is fulfilled. 
According to Lemma I3.5[ 

M(r;u) / pr \ (p-l)/p 

(g e (t)ty 1/p dt > C( / {tUt,)) 11 ^ dt 



\ p/(p-i) i-i 



l M(r 1 +0;u) \J r 1 

for all sufficiently large r, where the constant C > depends only on n, p, 6, a, 
C±, and C*2. In so doing, from (12.21) and (12.31) . it follows that 

[(MOY^d^l f (MO) 1 ^ dt 

J n J rn 
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and 

M(r;u) i pM(r;u) 

(g e (t)ty l/p dt > - / (g e (t)tr l/p dt 

1 JM(n+0;u) 

for all sufficiently large r. 

Thus, combining the last three estimates, we complete the proof. □ 

Proof of Theorem \2.3[ Let u be a nontrivial solution of ( 11. ip . (II. 2p . We take a real 
number r% > r such that M{r\\ u) > 0. Also assume that r > r\ is a real number 
satisfying the condition or\ < r and, moreover, k is the maximal integer for which 
a k / 2 n < r. We put p, t = a~^ 2 r, i = 0, . . . , k — 1, and pk = r\. 

By Lemmas 13.31 and 13. 4[ for any % G {0, . . . , k — 1} at least one of the following 
two inequalities is valid: 

/ (ge(t)ty 1/p dt > C 9 y p (0de, 

J M( Pi+1 +0;u) Jp i+1 
M( Pi ;u) p Pi 

g- xl ^- l \t)dt>C / {U^)) 1/{p - 1] di, 
where the constant C > depends only on n, p, 9, a, C\, and C 2 . Hence, 

M( Pi ;u) rM( Pt ;u) 

(g e (t)ty 1/p dt + / g e l/{p - l \t)dt 



M(p i+1 +0;u) JM(p i+1 +0;u) 

>c r mm{(e/ CT (e)) 1/(p - 1) ,gy p (0}^ 

Pi+l 

for any i G {0, . . . , k — 1}. Summing the last estimate over all i G {0, . . . , k — 1} 
we obtain 

M(r;u) pM(r;u) 

(ge(t)ty 1/p dt + / g? l{ *- x \t)dt 



M(ri+0;u) J M(r x +0;u) 



>c f mm{(e/ CT (e)) 1/(p - 1) , gy p (oi (3.30) 

On the other hand, condition (12 ,4p allows us to assert that 
n J tq 



+ ^ I (g (t)ty 1/p dt 

^ JM(n+0;«) 
1 



1 



c 



+ ^ / g e l,{p ~ l \t)dt 



M(ri+0;u) 



if the real number r is large enough. Combining this with (13 .30 p . we complete the 
proof. □ 

Proof of Theorem \2A[ Let u be a solution of (II. ip . ( II. 2p . If M(-;u) is a bounded 
function on the interval (r ,oo), then inequality (I2.5P is obviously valid for all 
sufficiently large r since, in this case, the right-hand side of (12. 5p tends to zero as 
r — > oo, whereas the left-hand side is bounded below by a positive real number for 
all r G (r , oo). 
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In turn, if M(-;u) is not a bounded function, then f!3.29j) holds. We remind 
that M(-;u) is a non- decreasing function on (r , oo) according to the maximum 
principle. Thus, estimate (12 .5p follows immediately from Lemma [3.51 



Remark 3.2. From the arguments given above, it can be seen that Theorems 12 . lf[2~4l 
remain hold for solutions of the problem 

f div A(x, Du) + b(x)\Du\ p ~ l > q(x)g(u) in f2 r0jOO , 



where f2 r0jOO = {x G Q : r < |x|} and r ro oo = {i6 <9fi : r < In this case, in 
the hypotheses of Theorems 12. H - T2T31 we must additionaly assume that M(-; u) is a 
non-decreasing function on the interval (r , oo). 
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